Abstract: A mathematical model describing the transient hydraulic head distribution induced by constant-head pumping/injection at a partially penetrating well in a radial two-zone confined aquifer is a mixed-type boundary value problem. The analytical solution of the model is in terms of an improper integral with an integrand having a singularity at the origin. The solution should rely on numerical methods to evaluate the integral and handle the problems of convergence and singularity. This study aims at developing a new approximate solution describing the transient hydraulic head distribution for a constant-head test (CHT) at a partially penetrating well in the aquifer. This approximate solution is acquired based on a time-dependent diffusion layer approximation proposed in the field of electrochemistry. The diffusion layer can be analogous to the radius of influence in the area of well hydraulics. The approximate solution is in terms of modified Bessel functions for aquifers with a partially penetrating well and can reduce to a simpler form in terms of a natural logarithmic function for the case of well full penetration. The predicted hydraulic heads from the present approximate solution are compared with those estimated by the Laplace-domain solution of the model. The result shows that the predicted spatial head distributions are accurate in the formation zone and fairly good in the skin zone. In addition, the present solution gives an accurate temporal head distribution at a specific location when the radius of influence is far away from the observation wells. This newly developed approximate solution has advantages of easy computing and good accuracy from practical viewpoint, and thus is a handy tool to evaluate temporal and spatial hydraulic head distributions for the CHT.
Introduction
A constant-head test (CHT) is one of the methods used in aquifer site characterization, especially suitable to apply to lowpermeability aquifers (e.g., Jones et al. 1992; Jones 1993) . The data obtained from the test is generally analyzed to determine aquifer parameters such as hydraulic conductivity and specific storage. During the test, the well water level is maintained constant, and the wellbore inflow rate is recorded. The aquifer parameters can then be estimated by fitting the wellbore flow rates predicted by a solution to the observed test data. Over the last few decades, there have been a number of research works regarding the development of analytical solutions for the CHT executed at a fully penetrating well (e.g., Carslaw and Jaeger 1940; Van Everdingen and Hurst 1949; Jacob and Lohman 1952; Hantush 1964; Peng et al. 2002; Yeh and Chang 2013) . Carslaw and Jaeger (1940) developed an analytical solution describing a temporal and spatial distribution of temperature in an infinite medium, and the solution can be analogous to the groundwater flow problem. Van Everdingen and Hurst (1949) derived two analytical solutions for a terminal pressure and flow rate in finite and infinite oil reservoirs. Jacob and Lohman (1952) obtained an analytical solution describing a wellbore inflow rate for a CHT in a confined aquifer and developed a formula to estimate the storage coefficient and transmissivity. Hantush (1964) presented a transient drawdown solution for a CHT in a confined aquifer system. Peng et al. (2002) derived analytical solutions for a hydraulic head and flow rate subject to the constant-head boundary condition. However, their solution is in terms of an improper integral with the integrand having a singularity at the origin and should require numerical methods to evaluate the integral and handle the problems of convergence and singularity.
The test well may partially penetrate an aquifer when the aquifer thickness is large or the well is installed to monitor the groundwater contamination at a specific depth interval. The screen portion in the partially penetrating well for a CHT is considered as a constanthead boundary (or Dirichlet boundary) while the unscreened portion is treated as a no-flow boundary. The groundwater flow induced by constant-head pumping in a partially penetrating well is therefore a mixed boundary value problem. Duffy's book (Duffy 2008 ) offers a good coverage for solving transient mixed boundary value problems, which were absent in both Sneddon (1966) and Fabrikant (1991) . Chang and Yeh (2009) used the perturbation method and dual series equation to obtain a semianalytical solution for a CHT with a screen installed at the upper or lower portion of the well in a confined aquifer with a finite thickness. Later, Chang and Yeh (2010) further considered a well screen installed at any portion of the well and developed a semianalytical solution for a CHT by means of a triple series equation method. Recently, Yeh and Chang (2013) reviewed the recent researches about a CHT for the cases of both fully and partially penetrating wells.
The properties of an aquifer formation near a wellbore may be changed due to the well construction and/or well development; consequently, a homogeneous aquifer may then become a two-zone aquifer. A negative skin is referred to as a disturbed zone with a larger transmissivity when compared with the undisturbed formation zone. Contrarily, a positive skin is referred to as a zone with a smaller transmissivity as compared with the formation zone. The well hydraulics for a CHT with considering the skin zone were solved analytically by several researches utilizing different assumptions (e.g., Novakowski 1993; Cassiani and Kabala 1998; Cassiani et al. 1999; Yeh 2005, 2006) . Novakowski (1993) used the methods of Laplace transform and finite Fourier cosine transform to derive a semianalytical solution for a transient wellbore flow rate in a partially penetrating well with a finite-thickness skin. They drew the type curves accounting for the influences of the skin and well penetration. Cassiani et al. (1999) assumed that the skin thickness is infinitesimally small and treated its effect as a skin factor. They derived a Laplace-domain solution using the dual integral equation method for a hydraulic head distribution due to constant-head pumping at a partially penetrating well in an infinite confined aquifer in both horizontal and vertical directions. They assigned a specific head on the well face and used the no-flow boundary condition along the casing. Their solution is suitable to apply if the screen length is significantly shorter than the aquifer thickness or the packer test with the horizontal boundary being far away enough from the test well. Chang and Chen (2002) used the same mathematical model as Cassiani et al. (1999) but assumed the aquifer thickness is finite and tackled the well skin effect as a skin factor. They portioned the well screen length into many segments and considered the wellbore flux entering through the well screen as unknown. The accuracy of their solution may depend on the size and number of the segment. Yang and Yeh (2005) provided a semianalytical solution for a CHT performed at a partially penetrating well and considered the effect of a finite-thickness skin. They initially assumed an unknown uniform flux along the well screen, treated the flux as a Neumann boundary condition, and then determined the unknown flux using the constant head condition. This new solution has better accuracy as compared with Novakowski solution (1993) . Later, Yang and Yeh (2006) derived an analytical solution for describing the hydraulic head distribution induced by a CHT in a patchy confined aquifer with a fully penetrating well. They presented a numerical approach including a root-search scheme, the Gaussian quadrature, and the Shanks method to evaluate the time-domain solution. Barua and Bora (2010) developed a steady/quasi-steady model and derived an analytical solution for bottom flow at a partially penetrating well with a skin zone in a confined aquifer. Their solution is useful to analyze the flow behavior near the pumping well in an artesian aquifer.
The semianalytical and analytical solutions for the CHT mentioned above are generally laborious in calculation. In the past, several studies had attempted to develop approximate solutions for the CHT problems in different ways. Haitjema and Kraemer (1988) used several point sinks to represent a partially penetrating well and developed an approximate solution to describe the threedimensional flow. Wilkinson and Hammond (1990) used a perturbation technique to solve an approximate solution for the transient pressure at a partially penetrating well in a confined aquifer with a semi-infinite thickness. Mishra and Guyonnet (1992) employed the Boltzman transformation technique to solve the problem and obtained an approximate drawdown solution. Bakker (2001) considered an aquifer divided into several layers for heterogeneity and provided an approximate solution describing steady-state three-dimensional flow induced by a partially penetrating well in the aquifer. Perrochet (2005) developed a simple analytical expression to approximate the well function GðαÞ of Jacob and Lohman (1952) using ln ð1 þ ffiffiffiffiffiffi πα p Þ −1 with α defined as dimensionless time and calculated the transient wellbore inflow rate. Based on the work of Perrochet (2005) , Renard (2005) provided an approximate solution using a weighted average between the early-and late-time asymptotes and analyzed the maximum relative difference between the exact and approximate dimensionless discharges in a pumping well.
The solutions mentioned above are summarized in Table 1 . The authors classified the solutions into a single confined aquifer without a skin zone and an aquifer system with skin and formation zones. The solutions are further categorized according to the well penetration, solution description, and mathematical technique.
Interestingly, some approximate solutions reported in the area of electrochemistry (e. The existing analytical solutions describing the hydraulic head distribution in a single or two-zone confined aquifer system for a CHT are all in complicated forms and difficult to evaluate their numerical values. The purpose of this paper is therefore to develop a simple approximate solution for the temporal hydraulic head distribution induced by a CHT at a partially penetrating well in a radial two-zone confined aquifer system. A steady-state solution is first derived from the state-steady groundwater flow equation with the remote boundary represented by the radius of influence using the finite Fourier cosine transform. The approximate transient solution is then obtained by replacing the radius of influence with a function introduced by Fang et al. (2009) for a time-dependent diffusion layer. This approximate solution can reduce to a simpler form in terms of a natural logarithmic function for a two-zone confined aquifer system under a fully penetrating well condition. The results estimated from the present approximate solution are compared with those predicted by Yang and Yeh solution (2005) .
Methodology
Mathematical Model Fig. 1 shows a schematic diagram of an aquifer configuration for a CHT performed at a partially penetrating well in a radial two-zone confined aquifer system. The symbols are defined as follows: r is a radial distance from the center of the test well; z is an elevation from the lower impermeable layer; r w is the radius of the well; r s is the outer radius of the skin zone (or skin thickness); R is the radius of influence; a and b are lower and upper elevations of the well screen, respectively; L is the aquifer thickness; h 0 is a constant well water level at any time; the hydraulic head from the potentiometric surface in the skin zone is h 1 and in the formation zone is h 2 . Note that the absolute value of the hydraulic head represents the drawdown or the change in the hydraulic head since the reference datum is set right at the initial potentiometric surface. The notations mentioned above are listed in Notation List. The mathematical model describing the hydraulic head distribution in the two-zone confined aquifer is developed based on following assumptions: (1) the aquifer is homogeneous and of finite extent with a constant thickness and (2) the initial piezometric head is constant and uniform over the whole aquifer.
Define the dimensionless parameters and variables as
where the subscripts 1 and 2 are the skin and formation zones, respectively; the subscript D is a dimensionless symbol; and K r and K z are the radial and vertical hydraulic conductivities, respectively. The dimensionless notations are also listed in Notation List. The governing equations describing steady-state dimensionless hydraulic head distributions in the skin and formation zones for finite aquifers are expressed, respectively, as (Yang and Yeh 2005 )
and
The dimensionless hydraulic head in the formation zone at the remote boundary is assumed to maintain zero according to the reference datum and can be expressed as
At the interface between the skin and formation zones, the continuity requirements for the hydraulic head and mass flux are, respectively,
where γ, the conductivity ratio, has been defined in Eq. (1). Fig. 1 . Schematic diagram of a radial two-zone confined aquifer system for constant head pumping at a partially penetrating well
The average of dimensionless hydraulic heads along the well screen is equal to the dimensionless well water level, i.e.,
Note that the unity on the right-hand side (RHS) of Eq. (7) represents the dimensionless water level. At the well, the flux induced by the CHT is considered as uniformly distributed over the screen. The dimensionless wellbore flow rate is therefore assumed as
where q D ¼ q=2πðb − aÞK r1 h 0 . The no-flow condition over the well casing is denoted as
Steady-State Head and Wellbore Inflow Rate Solutions
The solutions of the model in Fourier domain can be obtained after applying finite Fourier cosine transforms to z D in Eqs. (2)- (6), (8), and (9). Detailed derivation for the solution is given in Appendix. The steady-state solution obtained by taking inverse Fourier transforms for the dimensionless hydraulic heads in the skin and formation zones is
sinðωa D Þ; I μ ð·Þ and K μ ð·Þ are the modified Bessel functions of the first and second kinds with order μ, respectively; and φ ¼ ðb D − a D Þ=L D is the penetration ratio of the well screen length over the aquifer thickness. Notice that the right-hand parts of Eqs. (10) and (11) have two terms; the first term is the solution considering a full penetrating well and the second term is a simple series accounting for the effect of a well partial penetration.
The unknown q D in Eqs. (10) and (11) is determined based on the boundary condition of Eq. (7). Substituting Eq. (10) into Eq. (7) and integrating the result with respect to z D yields
where the definitions of ω and δ are given in Notation List, and ϕ 1o ð1Þ and ϕ 1n ð1; nÞ are the results of substituting r D ¼ 1 into Eqs. (12) and (13), respectively. Finally, the steady-state solution for dimensionless hydraulic heads in the skin and formation zones can be obtained after substituting Eq. (24) into Eqs. (10) and (11).
Approximate Transient Head and Wellbore Inflow Rate Solutions
Fang et al. (2009) proposed a time-dependent diffusion layer to achieve a transient diffusion for a chronoamperometric current. The diffusion layer is assumed dependent on both time t and diffusion coefficient D 0 , and expressed as ffiffiffiffiffiffiffiffiffiffi πD 0 t p . The diffusion equation describing the current and its current solution have the same mathematical forms as the groundwater flow equation and its wellbore solution for the CHT. By the analogy of the groundwater flow induced by the CHT to the chronoamperometric current in electrochemistry, the radius of influence R for the finite aquifer is replaced with r w þ ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi ffi πðK r2 =S s2 Þt p where S s2 is the specific storage of the formation zone and the r w is because of considering the skin zone. The dimensionless radius of influence is written as
where the dimensionless time t D is defined as K r2 t=ðS s2 r 2 w Þ. Substituting Eq. (25) into Eqs. (12) and (14) results in, respectively
Note that A 1 , A 2 , and A 7 also contain the parameter
, Eqs. (13) and (15) respectively, become
Accordingly, Eqs. (10) and (11), the steady-state solution, become functions of time and may be written, respectively, as
where q D ðt D Þ, the function of time, can be obtained by replacing the variables ϕ 1o ð1Þ and ϕ 1n ð1; nÞ in Eq. (24) with ϕ 1o ð1; t D Þ and ϕ 1n ð1; t D ; nÞ, respectively. These two equations describing the transient head distribution for the CHT in a two-zone aquifer system with a partially penetrating well will be compared with the semianalytical solution presented in Yang and Yeh (2005) .
Special Case 1: Fully Penetrating Well in Two-Zone Aquifers
Letting a D ¼ 0 and b D ¼ L D , one can obtain φ ¼ 1 and δ ¼ 0, which makes Eqs. (28) and (29) all equal to zero. Under this circumstance, the test well fully penetrates the confined aquifer. The dimensionless wellbore flow rate becomes
For a fully penetrating well, Eq. (30) for the dimensionless hydraulic head in the skin zone reduces to
Similarly, Eq. (31) for the dimensionless hydraulic head in the formation zone becomes
Special Case 2: Fully Penetrating Well in Homogeneous Aquifers
When the skin zone is absent, the aquifer is homogeneous with the ratio of γ equaling unity. Both Eqs. (33) and (34) can then reduce to
and Eq. (32) becomes
It is interesting to note that the wellbore inflow rate represented by Eq. (36) is exactly the same as the one given in Perrochet (2005) ; yet, the procedure or methodology to derive the solution is totally different.
Results and Discussion
The present approximate solution, Eqs. (30) and (31), is verified through the comparisons of the predicted temporal and spatial hydraulic head distributions with the Yang and Yeh solution (2005) for a partially penetrating well. In the following analysis, the use of Eq. (25) to predict the transient flow behavior is examined. The validity of the present solution to the aquifer system subject to the effect of the skin zone is investigated. Moreover, the temporal distribution of the wellbore flow rate concerned in a CHT is analyzed. In the analysis, the default values used in calculations are
The Situation of Using Eq. (25) The spatial distributions of the hydraulic heads predicted by the present approximate solution and Yang and Yeh solution (2005) at t D ¼ 10 4 , 10 6 , and 10 8 are shown in Fig. 2 . The radius of influence R D , defined by Eq. (25), at various times is also indicated in the figure. The results from both solutions agree well in the formation zone but slightly deviate in the skin zone and near r D ¼ R D . Such discrepancies are due to the boundary effect. The present solution considers an outer zero-head boundary which moves outward with time described by Eq. (25). The head distributions at r D ¼ 10, 20, and 30 are underestimated because the zero-head boundary, specified at the R D , is not far away in early time as shown in Fig. 3 . The figure shows the temporal distribution curve of R D and indicates that the differences in the predicted heads are very small and negligible after t D ¼ 10 3 (i.e., R D > 57).
Effect of Considering Skin Zone on Solution Validity
The effect of aquifer heterogeneity on the validity of the present approximate solution is examined because the radius of influence denoted as Eq. (25) was developed based on a homogeneous medium (Fang et al. 2009 ). Positive and negative skins account Fig. 4(a) for the spatial distributions and Fig. 4(b) for the temporal distributions. The figure shows that the values of γ seldom affects the validity of the present solution. In addition, the negative skin case produces the higher head than the other two cases at the same t D .
The effect of the skin width r SD on the validity of the present solution is also examined via the spatial head distributions under the negative skin condition when r SD ¼ 2, 5, and 10 as demonstrated in Fig. 5 . The r SD ranges from 2 to 10 in engineering practice. The figure shows that the curve slopes at the interfaces between the skin and formation zones are discontinuous. It seems reasonable to reveal that the predicted head in the formation zone is valid even for the largest r SD .
Temporal Distribution of Wellbore Flow Rate
The temporal distributions of the wellbore flow rate q D defined by Eq. (24) In addition, the flow rate decreases with increasing time and stabilizes as time is very large. The larger φ produces the smaller flow rate at a fixed t D .
Concluding Remarks
An approximate solution describing the transient head distribution in a radial confined aquifer has been developed for a CHT in a partially penetrating well with the presence of a skin zone. This transient approximate solution is derived based on a steady-state solution and a formula regarding to a time-dependent diffusion layer proposed by Fang et al. (2009) . The solution can reduce to a very simple form in terms of a natural logarithmic function if the well fully penetrates the aquifer. The authors have investigated the validity of the present solution by the comparison with Yang and Yeh solution (2005) . Following conclusions can be drawn in regard to the applicability and/or accuracy of the present solution:
1. The predicted head will be underestimated if the observation well is located near the radius of influence to the boundary effect; and 2. The present solution generally gives accurate and fairly good spatial head distributions in the formation and skin zones, respectively, when the radius of influence is far away from the observation well. Based on the above conditions, the present approximate solution has the advantages of easy calculation and good accuracy from engineering viewpoint, and can be used as a convenient tool to evaluate the temporal and spatial head distributions in the aquifer system and wellbore flow rate for a CHT.
Appendix. Derivation of Steady-State Solution
The solutions for the dimensionless hydraulic head within the skin and formation zones are developed by applying finite Fourier cosine transform with respect to the spatial variable z D . The definition of the transform is given below (Kreyszig 1993 )
where n is an integer from 0; 1; 2; : : : ∞. The transform has the property of
The formula for the inverse transform is defined as
Applying the transform to Eqs. (2)- (6) and (8) results in following equations:
where the definitions of the dimensionless variables and parameters are listed in Notation List. The general Fourier-domain solution of Eqs. (40) and (41) for the skin and formation zones are, respectively,
where I 0 ð·Þ and K 0 ð·Þ are the modified Bessel functions of the first and second kinds of order zero, respectively, and C 1 , C 2 , C 3 , and C 4 are undetermined coefficients. Substituting Eqs. (46) and (47) into Eqs. (42)- (45), respectively, yields
C 1 I 0 ðλ 1 r SD Þ þ C 2 K 0 ðλ 1 r SD Þ ¼ C 3 I 0 ðλ 2 r SD Þ þ C 4 K 0 ðλ 2 r SD Þ ð49Þ
C 1 λ 1 I 1 ðλ 1 r SD Þ − C 2 λ 1 K 1 ðλ 1 r SD Þ ¼ γ½C 3 λ 2 I 1 ðλ 2 r SD Þ − C 4 λ 2 K 1 ðλ 2 r SD Þ ð50Þ
and 
